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O ABSTRACT 



The ABJM theory refers to superconformal Chem-Simons-matter theory with product gauge 
group Ul X Ur and level —k, respectively. The theory is a candidate for worldvolume dy- 
namics of M2-branes sitting at C^/Zyt- By utilizing monopole operators, we prove that ABJM 
theory gets enhanced = 8 supersymmetry and S0(8) R-symmetry at Chem-Simons levels 
k= 1,2. We first show that the ABJM Lagrangian can be written in a manifestly S0(8) invari- 
ant form up to certain extra terms. We then show that upon integrating out Chem-Simons gauge 
fields these extra terms vanish precisely at levels k= 1,2. Utilizing monopole operators at these 
levels, we identify new fA^ = 2 supersymmetry. We demonstrate that they combine with the 
manifest 9^ =6 supersymmetry to close on-shell on 5V; = 8 supersymmetry. We finally show 
that the ABJM scalar potential is S0(8) invariant. 



1 Introduction 



Aharony, Bergman, Jafferis and Maldacena [IJ proposed a three-dimensionsl superconformal 
field theory as a microscopic description for worldvolume dynamics of multiple M2-branes 
on SU{4) X U{1) R-symmetric and 9{, = 6 superconformal M2-branes. Hereafter referred as 
ABJM theory, it is defined by a gauged linear sigma model: eight scalar and fermion fields in 
the bifundamental representation of quiver gauge group (25 = Gi x G2 coupled to Chern-Simons 
gauge theory. Therefore, the ABJM theory is characterized by two integer- valued parameters: 
the Chem-Simons level k and rank of the gauge group rank((J5). It was proposed [|T| that ABJM 
theory is holographically dual to Type IIA string theory on AdS4 x CP^ in the planar limit of 
both rarLk(0) and k infinite while holding 't Hooft coupling X = (rank((!5)/^) fixed and large. 
At finite k, the holographic dual is described most appropriately by M theory on AdS4 x /Z^. 
The proposal of [1] provides a Type IIA string or M-theory counterpart of the much studied 
AdS/CFT correspondence [|2l between Type IIB string on AdSs x and four-dimensional 9{, = 
4 super Yang-Mills theory. Interestingly, there are strong indications that the ABJM theory is 
integrable, both at weak coupling |l3l, JH and strong coupling (5] regimes. 

Built upon this holography, it was further anticipated in [1] that the ABJM CFT at Chem- 
Simons levels k = 1,2 actually has 9\C = ^ supersymmetry and 50(8) R-symmetry which are 
the symmetries of coincident M2 branes on X or M^'^ x (MV^2), respectively. The 
purpose of this paper is to prove that the ABJM theory, for all possible rank of gauge groups, 
has enhanced 9l =S superconformal symmetry and S0(8) R-symmetry at Chem-Simons level 
k = 1,2. Our proof relies cmcially on utilizing so-called 3-algebra stmcture and monopole 
operators inherent in this theory. Therefrom, if the Chem-Simons level k takes the value 1 or 
2, a set of highly nontrivial algebraic identities follows among the matter fields. Utilizing these 
identities, we show that the ABJM theory possesses extra 9^ =2 supersymmetry that combines 
with the existing 9{, =6 supersymmetry to the fully enhanced 9{, =S supersymmetry and S0(8) 
R-symmetry. 

A feature of the ABJM theory is that the gauge dynamics, govemed solely by the Chern- 
Simons term, is trivial. The Chern-Simons term merely induces braiding statistics to the matter 
fields. Consequently, operators built solely from the gauge potential such as holonomy and 
magnetic monopole operators Wr would not carry any dynamics or scaling dimension, though 
they transform in nontrivial representations R under (3 [6J. Upon coupling matter fields to 
the Chem-Simons gauge field, gauge invariant operators are constmctible not just from matter 
fields alone but also by attaching the holonomy or magnetic monopole operators Wr to them. 
Made entirely out of gauge potential, the monopole operators are singlets under intemal rigid 
symmetries such as R-symmetry. As such, monopole operators can produce gauge invariant 
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operators with a rich variety of the R- symmetry representations. Recently, through the study 
of superconformal index, it was shown that gauge invariant operators containing the monopole 
operators Wr are indispensable for confirming the AdS/CFT correspondence between the ABJM 
theory and the M-theory at finite k Q. 

Another feature of ABJM theory is that high degree of supersymmetry restricts permissible 
gauge groups, as well as representations of matter contents. In applications to specific prob- 
lems, it is useful to formulate the ABJM theory in terms of the Lie algebra q of the gauge 
group (J5 and representation R of matter fields. On the other hand, in a formulation that aims at 
incorporating all possible gauge groups and matter contents compatible with 9l =6 supersym- 
metry, it would be more convenient and unifying to use an algebraic structure that underlies all 
ABJM theories. It was found in [8J that the pertinent algebraic structure of the ABJM theory 
is so-called hermidan 3-algebra J^j{C). In this formulation, classification of permissible gauge 
groups and representations for =6 supersymmetry was carried out in |l9l. An infinite class of 
them were found, among which the smallest rank (S = SO(4)=SU(2) x SU(2) is found identical 
to the Bagger-Lambert-Gustavsson (BLG) theory ifTOl . The BLG theory, however, is known to 
have real 3-algebra ^3(M) and 9\C =^ supersymmetry. This calls for better understanding un- 
der what other choices of the ABJM theory parameters would exhibit the maximally enhanced 
9tC =S supersymmetry and S0(8) symmetry. 

Our proof of enhanced symmetries constitutes in showing that, by utilizing the three-algebra 
Jl3(C) and the monopole operators W, the ABJM theory at Chem-Simons levels = 1,2 is 
expressible as a 'trial' BLG theory, where the original real 3-algebra ^3(]R) is replaced by the 
hermitian 3-algebra J^^i^)- In this way, the 9{, =S supersymmetry and the S0(8) R-symmetry 
become manifest. Here, 'trial' refers to the triality of the S0(8) group. 

We should point out that, though details differ somewhat, the symmetry enhancement at 
k= 1,2 works for the non-relativistic ABJM theory [fTT]| — the non-relativistic reduction of the 
ABJM theory, where only holonomy and monopole operators are known to generate physically 
nontrivial correlators [fT2l . In fact, this theory illustrates in a clean manner intimate relations 
among symmetry enhancement between the ABJM and the non-ABJM fields, trivial braiding 
statistics for = 1,2 and bound-states of M-theory momentum modes. Details will be related 
to a separate paper. 

This paper is organized as follows. In section 2, we summarize key ideas and provide a 
roadmap of our proof. In section 3, we illustrate these key ideas and roadmap for abelian gauge 
group. In section 4, we present details of hermitian 3-algebra .;^3(C) inherent to the ABJM 
theory. Also, in section 5, we present properties of monopole operator. In particular, we pay 
attention to the general covariance property, which will play a prominent role for foregoing 
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considerations. In section 6, we lay down details of closure among so-called the ABJM fields 
and the non-ABJM fields - composites made of the ABJM fields and the rank-2 monopole op- 
erators. In section 7, we first identify novel =2 supersymmetry that act between the ABJM 
and the non-ABJM fields. Combining them with the manifest 9l = 6 supersymmetry yields 
the maximal fA^ = 8 supersymmetry we are after. In this section, we check explicitly on-shell 
closure of the 9{, = ^ supersymmetry. In section 8, utilizing the similar reasonings, we show 
that the ABJM scalar potential is in fact identical to the BLG scalar potential. This demonstrate 
S0(8) symmetry of the ABJM scalar potential. By 5V! = 8 supersymmetry, the Yukawa interac- 
tions also have S0(8) symmetry. In appendix A, we recall S0(8) gamma matrices and several 
relevant Fierz identities. In appendix B, we also recall S0(l,2) gamma matrices. In appendix 
C, we summarize branching rule of S0(8) to SU(4)xU(l). In appendix D, we provide Fierz 
identities of 9{, = 6 superysmmetry, of the new 9l = 2 supersymmetry and hence of the full 
9tC =S supersymmetry. In appendix, we explain triality rotated, so-called trial BLG theory. 

2 Roadmap and Key Ideas 

In this section, we shall outline key ideas used and a roadmap to our proof. 



3-algebra 

Since we shall heavily use the 3-algebra formulation throughout, we here summarize its emer- 
gence in the BLG and the ABJM theories. As recalled above, underlying algebraic structure 
of the BLG theory was identified with the real 3-algebra ;i3(]R). Its structure constants f'^'^^a 
are real-valued and totally antisymmetric in b, c, d The structure was so restrictive that the 
only finite-dimensional choice of the gauge group <3 is SUl(2) x SU^(2) =S0(4). To have more 
general gauge groups, it became clear one would have to relax the 3-algebra structure. But it 
seemed impossible to do so while keeping all the global symmetries of the BLG theory intact. 
A solution to this difficulty was proposed by ABJM [IJ, where the S0(8) R-symmetry is given 
up and only the SU(4)xU(l) part of it is kept manifest. The resulting ABJM theories traded an 
infinite class of admissible (25 with reduced 9{, = 6 supersymmetry and SU(4) R-symmetry. 

As recalled above, algebraic structure underlying all admissible ABJM theories is the her- 
mitian 3-algebra ^3(C) [jll. Its structure constants f^'^ da are antisymmetric in their two upper 



'Note that metric structure of the 3-algebra is not needed for equations of motion and for closing the ?v; = 8 
supersymmetry variations, but is imperative for Lagrangian formulation. 
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and two lower indices, respectively, and hermitian in the sense that 

r'^'da = f\c. (2.1) 

In this formulation, we do not need to assume a metric on the 3 -algebra since we can use 
complex conjugation to raise and lower indices §|. Even though we have no metric, we do have 
a trace-form and we can express the ABJM action using this trace-form. We will refer to the 
3-algebra without a metric structure as hermitian 3-algebra A3(C) |^. In this way, all admissible 
ABJM theories (that includes the BLG theory as one of them) are unified in a single framework 
of the 3-algebra ^3(-)- 

The classification of [i9| may be viewed as a consequence of the hermitian 3-algebra struc- 
ture and the fundamental identity therein. For 1^ = 6, there is an ABJM theory for every 
hermitian 3-algebra. A hermitian 3-algebra in turn corresponds to a choice of the gauge group 
<& based on a semi-simple Lie group. In this paper, shall we consider ABJM theories that 
correspond to hermitian 3-algebra, viz. semi-simple Lie group. There can also exists global 
U(l)xU(l) symmetry, corresponding to conserved baryon numbers, modulo global identifica- 
tions of center elements. In that case, these U(l)s can be gauged. The resulting theory is the 
ABJM theory originally proposed flU. 

rank-2 monopole operators 

In 3-algebra, we have gauge indices a,b,... = 1 , • ■ ■ , dim;^3 associated with 3-algebra generators 
T" and their complex conjugates that we denote as Ta. The monopole operator that will be useful 
for us are those with two gauge indices up or two indices down, W"^ and Wab, respectively. 
These rank-2 monopole operators can be used to turn the ABJM scalar field into a field 
Z^" = W"^Z^ and similarly for the ABJM fermion fields. Here A is an index transforming in 
the fundamental representation of the global SU(4) R-symmetry of the ABJM theory. With 
the rank-2 monopole operators at hand, there are two ways to move the 3-algebra indices of 
the ABJM fields up or down. The first is attaching the rank-2 monopole operator as described 
above. The second is to take complex conjugate of the ABJM fields. Note that the complex 
conjugation acts by raising and lowering both gauge and R-symmetry indices, so the scalar 
field is the complex conjugated field of Z^, etc. Summarizing, starting from the matter field 
Z^, we can construct Z^" or Z^ by attaching the monopole operator or by complex conjugation, 
respectively. 

^The hermitian 3-algebra ^3(C) without metric structure can also be found in |fT3l . 

^The hermitian 3-algebra ^3(C) is a generalization of the real 3-algebra ;?3(R). In particular, this also implies 
that the Nambu 3-bracket is also a realization of the hermitian 3-algebra. 
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Attaching a monopole operator to a local field renders the composite a non-local operator 
since the monopole operator depends in general on the Dirac string. If the Dirac-Schwinger- 
Zwanziger quantization condition is obeyed, the Dirac string is unobservable and the monopole 
operator becomes a local field configuration. Moreover, the monopole operator is covariantly 
constant. Below we shall demonstrate this explicitly for the abelian ABJM theory and find that, 
only for Chem-Simons levels k = I and 2, the composite operators are local field configura- 
tions. This fits nicely with the fact that only at levels k = 1,2 can we expect to have enhanced 
supersymmetry and R-symmetry. This is our first evidence that monopole operators should play 
some role in symmetry enhancement of ABJM theory. 

roadmap 

Denote vector, spinor and cospinor representations of S0(8) as 8v, 8s, 8c, and their basis indices 
by /, a, a = 1 , ■ ■ ■ , 8, respectively. In the hermitian BLG theory, matter fields are 8v forX^ and 
8s for \|/o{a. The hermitian BLG theory is then defined by Chem-Simons term and the gauged 
matter Lagrangian 

I / 1/ J f K d b 

^matter = -^^D^PC^^D^Xf - —XyXfX^XjXg Xf^f daP'^ ef 

+ '^^rD,^aa + ^r^T/apryp/z/^/c V^^/'^d. • (2.2) 

We next use the triality of S0(8) group and map the original fields to triality-rotated fields. 
This way, we can construct two new trial hermitian BLG theories. In all these theories, the 
Chem-Simons term is universal since it is unaffected by the S0(8) triality. We are interested in 
the theory obtained by the following triality transformation: 

(8v, 8s, 8c) ^ (8s, 8c, 8v) ; (/, a, a) ^ (a, a, /) . (2.3) 

After the transformation, the matter Lagrangian reads 

-^matter = ^^^iJ^a^^a^ ~^^b^a^c^l^g^^ f'^'^ daP 

+ '-Xr'fD,Xfaa + '-T''^^b^^XfT,a.aTff''da ■ (2.4) 

viz. the matter fields are S0(8) spinors and cospinors 8s, 8c and the supersymmetry is S0(8) 
vector 8v (see appendix E). The Lagrangian (12.41) is the one related to the ABJM Lagrangian. 
To show this, we break S0(8) to S0(6) xSO(2)~SU(4) xU(l) and decompose the S0(8) spinor 
and cospinor fields as 
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(2.5) 



We also split the S0(8) gamma matrices into S0(6) and S0(2) gamma matrices as F/ = (F^, F^) 
and denote by T^m^b and the off-diagonal blocks in F^- The details are collected in Ap- 
pendix O The fields and \\fAa as well as their hermitian conjugates are the ABJM scalar 
and fermion fields, where upper A is fundamental and lower A is anti-fundamental of SU(4)0. 
The fields Z^" and \\t^ are not the ABJM fields — we refer them as 'non-ABJM fields'. Our 
strategy is to relate the non-ABJM fields to the ABJM fields by means of the monopole opera- 
tors W*, Wab, since these operators are the unique tensors that can raise or lower indices gauge 
covariantly. 

After the decomposition, we find the matter Lagrangian as 

i^matter = -D^Z^D^Z^ - D^,\\fAa 

+i ^-W^^AbZ^Zi + IW^^AbZ^zfj f'da 

- {^^^'"^"^BbZlZiy^Bc + \tABCD^"'ZtZ^^'^^ f'da 

2 / rab rch ^ rab rch \ ryA rye ^yB ^yf ryC ^yg 

~2,y '^■^~2 gf j ^a^A^b^B^c 

+ ■■■ (2.6) 

The terms shown depend only on the ABJM fields and hence yields the ABJM Lagrangian. The 
ellipses denote all other terms that involve the non-ABJM fields. Under what conditions will 
the ellipses vanish identically and the trial BLG theory become identical to the ABJM theory? 
We find that this is so if the following set of algebraic identities hold: 

{zfzi+Z^^ZAc)f''da = 

(^ZAbZ^Zg+Z^Z^ZBh^ f'^'^da = 

{zAbZBcZ^ — ZcbZ[AcZg^ f^^ da = 

MfAb{zBcZ^''+ZiZ^)f'da = 

Mf\{z'i,Zj+ZsdZ^')f\c = 0. (2.7) 

We also find the correspondence between the sextet scalar potential in the ABJM theory and the 
potential in the generalized trial BLG theory, as demonstrated in section [8l The correspondence 
between the ABJM and generalized trial BLG Yukawa coupling terms can be shown . 

^Equivalently, they are spinor and cospinor of SO(6). 
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If the ABJM Lagrangian is S0(8) invariant, the identities (12.71) should hold in some sensqj 
and we can express the ABJM Lagrangian in the manifestly S0(8) invariant form as a general- 
ized trial BLG Lagrangian. We shall show that (|2.7|) originate from the flatness condition of the 
gauge field strengths 

F/jvb'^ +Fijv'^b = 0- (2.8) 

and that the identities (12.71) are all related to (12.81 ) by fA^ = 6 supersymmetry. 

To show that there is ^ = 8 supersymmetry, it is not enough to just show that the Lagrangian 
can be written in an S0(8) invariant form. Indeed, we will find that we need a few more 
identities of a similar type in order to have closure of iV; = 8 supersymmetry variations on the 
ABJM equations of motion. 

Incidentally, the above algebraic identities may be interpreted as constraining the matter 
field^Z^'s. This may be an indication of the feature of the ABJM theory that the true degrees 
of freedom scales as A^^/^, not as N^. 



3 Prelude: abelian ABJM theory 
3.1 linear sigma model 

To appreciate the symmetry enhancement clearer, we first study the abelian ABJM theory. Here, 
of course, the 3-algebra structure is not essential. We start with (2+l)-dimensional linear sigma 
model over the target space C^. There are four complex scalar fields and their complex 
conjugates (Z^)* = Za- They transform as 4,4 under SU(4) of the target space. This linear 
sigma model corresponds to bosonic part of the ABJM theory with gauge group U(l)xU(l) at 
Chem-Simons level k= 1, as we will see in the next section. The action reads 

^matter = ' J ^^Z^^Za . (3.1) 

The sigma model is invariant under U(4)=SU(4)xU(l) transformations: 

52"^ = a/sZ^, (3.2) 

^The symmetry enhancement can not be seen in the classical Lagrangian where k is just an overall factor 
multiplying the whole Lagrangian. But if we integrate out the gauge field then these identities will hold for levels 
k= 1,2. 

^If we take the viewpoint that the (non-dynamical) gauge field is put on-shell and expressed as a composite 
field in terms of the matter fields. 
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Here, 

(a)*)\ + a)^A = (3.3) 

are anti-hermitian matrices, generating SU(4) transformations by the traceless parts and U(l) 
transformation by the trace part. In total, there are 16 real parameters. 

The sigma model (13.11 ) has more symmetries. It is also invariant under the transformations 

6Z^ = co'^^Zfi (3.4) 
described by 6 complex parameters related by 

a)*^^ + (DfiA = 0. (3.5) 

These transformations do not close among themselves. However, when combined with the 
above SU(4)xU(l) transformations, they are closed and generate S0(8) symmetry group with 
28 = 16 + 6-2 real parameters. 

To see the S0(8) symmetry better, we elaborate here somewhat technical but fairly straight- 
forward discussion regarding how part of the S0(8) transformations not contained in SU(4) xU(l) 
acts on 8v and 8s representations of S0(8). The results obtained here will be useful later. Acting 
on a 8v representation V/ (/ = 1, 8), an infinitesimal S0(8) transformation is given by 

hVi = mjVj (3.6) 

where OO/y is anti-hermitian and has real components (in other words, it is antisymmetric). We 
decompose 8v into a six-dimensional part (M = 1, ...,6) and a two-dimensional part V = 
+ iv^. The metric being Kronecker deltas, we do not distinguish upper or lower S0(8) or 
S0(6) indices. The S0(2) parameter is co^^ and the S0(6) parameters are (nM^ . We are mainly 
interested in the S0(8) rotations that mix S0(6) with S0(2). These rotations are parametrized 
by 0)^ := 0)^7 + ioo^^ and act on the S0(8) vector as 



5y^ 




y) 










= (o*^y^. 





(3.7) 

An S0(8) Dirac spinor decomposes into Weyl and anti-Weyl spinor \\ra. These in turn 
decompose into Weyl spinors of S0(6). We define these Weyl components as 



= ( (3.8) 
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¥a = I '•'^ |. (3.9) 



On the S0(8) R-symmetry Dirac spino]0 



(3.10) 



an infinitesimal S0(8) transformation acts as 



5S = -Iro^^r^^s. (3.11) 
2 

Here, the normalization is fixed by how the vector index of gamma matrices transforms (as a 
direct consequence of the Clifford algebra), 

[rij.TK] = -45^[/r,]. (3.12) 

One can view this as the invariance condition of the gamma matrices where all its indices are 
transformed. Explicitly, we find the variations as 

dZA = ^a)*^E^sZ^ (3.13) 

5i/A = ^co^S^w"^. (3.14) 

3.2 gauging U(l) symmetry 
Chern- Simons gauging: 

We now gauge the U(l) symmetry by introducing a Hat one-form gauge field b. We then define 
the covariant derivative 

DZ^ :=dZ^ + /Z7Z^ (3.15) 
and consider the gauged linear sigma model 

- J d^x (^D^Z^ITZa + ^bAdc^. (3.16) 

^It is important that this is R-symmetry spinor as opposed to spacetime spinor. In particular, Z is commuting 
bosonic field. 
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Here, a is a Lagrange multiplier one-form gauge field that constrains b to be flat, db = 0. This 
model equals to the bosonic part of the abelian ABJM action at integer- valued Chern-Simons 
level k. 

We can integrate out a, setting [[U [151 

kb = do. (3.17) 

This gives back the linear sigma model modulo the orbifold identification 

Z^~e^Z^. (3.18) 

In general, this identification breaks S0(8) down to SU(4)xU(l). At k = 1,2, however, the 
S0(8) symmetry is retained. If the orbifolding is S0(8) invariant, it should commute with 
the transformation 

^Z^ + (O^^Ze . (3.19) 

This implies that 

Z^^Z^ + a/^g-TZs (3.20) 
should also be a symmetry. This singles out the Chern-Simons coefficient kto 1,2. 



monopole operators: 

Notice that S0(8) symmetry cannot act in this simple way were the gauge field not integrated 
out. The transformation 

Z^^Z^ + ro'^^Zg (3.21) 

would not be gauge covariant since and Za are oppositely charged with respect to the gauge 
field b. The remedy for this is to redefine the scalar fields by attaching monopole operators 
to these fields in such a way that all equations transform covariantly under the U(l) gauge 
transformations. The monopole operator that we have at our disposal is of the form 

Tk = e'"". (3.22) 

From the Chern-Simons term, we also see that this operator carries also k unit of electric charge. 
Thus, the gauge transformations act as 
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(3.23) 



At level k= 1, we can make the field redefinitions 



Za 



TiTiZa. 



(3.24) 



At level = 2, we can also make the field redefinitions 



Za 



TiZa. 



(3.25) 



On these redefined fields, the S0(8) transformation acts in a gauge covariant way. Important 
observation is that, for k > 2, no such local field redefinition is possible. Therefore, this is 
another way to see that we can have enhanced S0(8) symmetry only for k= 1,2. 

The Chem-Simons coefficient k= 1 , 2 is also special for a seemingly different reason. Con- 
sider two external probes charged electrically under the gauge fields a and the b, respectively. 
Upon encircling one of the probes around the other once, we pick up the Aharonov-Bohm phase 
exp{2Tii/k) as braiding statistics. For k= 1, the phase is trivial and braiding statistics is bosonic. 
For k = 2, the phase is n and braiding statistics is fermionic. For k> 2, the braiding statistics is 
anyonic. By the same argument, we see that the composite we formed above would retain the 
field statistics unchanged for ^ = 1,2 but not so for k>2. 

local versus nonlocal: 

The reason we have these monopole operators at our disposal comes from the Chem-Simons 
action. Consider the monopole operator 



Naively, one could think that operators of the form exp{io{x) /£) is also feasible, where £ is an 
arbitrary integer. However, this is not so because a is a compact pseudo-scalar defined over the 
period 271. This means that that §do/i ~ {2n/i)Z when we integrate over a closed contour. 
Therefore, exp Jdo/i will be path-dependent, and hence non-local unless £ — I. 

Not only being local, the monopole operator or products of it is also covariantly constant. 
Recalling that the monopole operator carries an electric charge of k unit, the covariant deriva- 
tive acting on it is defined by 




(3.26) 



(3.27) 
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We see that this indeed vanishes by the defining relation of the dual scalar field, kb = da. This 
shows that is covariantly constant. Notice that this property holds for any k. 

Using these properties, we can putZ"^ and Za fields on equal footing by attaching appropriate 
monopole operators to them. So, carries an electric charge of one unit, while {T^YZa carries 
an electric charge oink—\. From the above analysis, we see that these two (composite) fields 
are local operators and, as discussed above, can carry equal electric charge when k — I and 
n = 2 or ^ = 2 and n = 1, but none for k>l. 



4 The AB JM theory 
4.1 hermitian 3-algebra 

The ABJM theory is isomorphic to Hermitian 3 -algebras up to possible U{\) factors in the 
gauge group. As said, instead of studying the ABJM theory for each possible gauge group 
separately, it is convenient to utilize the 3-algebra formulation that puts all the possible gauge 
groups on equal footing. The only property of the gauge groups we need is then the correspond- 
ing fundamental identity of the 3-algebra. 

so(4): 

The simplest example of a 3-algebra is that of gauge group & =SUl(2) xSU^(2) =S0(4). This 
corresponds to a real (which of course also is hermitian) 3-algebra. To see this, we note the 
following gamma matrix identity among the S0(4) gamma matrices and the chirality matrix 
T 

yalcyb-ibicya = 2eabcdyyd- (4.i) 

In the Weyl representation, the 3-algebra generators sit in the gamma matrices as 

/ m'! \ 

= ( (rjj, ' J <«> 

Here upper (lower) indices / and /' are (anti)fundamental of SUl(2) and SUi;(2), respectively. 
The gamma matrix identity above amounts to the 3-algebra 

^ajjb _jbjja ^ f^^^T^ (4.3) 

with real structure constants f^^cd = '^^abcd- Note that SO(4) also happen to have the metric 5^^, 
that we can use to raise and lower indices. It is related to the epsilon tensors of SUl(2) x SU/?(2) 
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as 

hab{T%{T')], = 2£'^£,;,. (4.4) 

We also have 

{T%,{Tay'j = 26^6;'. (4.5) 

For generic ABJM gauge groups there is no such invariant tensor that we can use to raise and 
lower indices. What we can use instead are monopole operators. 



generalizations: 

We now generalize the S0(4) 3-algebra by keeping some of the structure of it but dropping the 
constraints of having real structure constants and a metric. We denote the complex 3-algebra 
generators by T". We define complex conjugation as 

r*" = Ta. (4.6) 

The 3-bracket maps three elements into a new element 



^T-^T'';^-] = f\,T^. (4.7) 



Here the structure constants /"^c<i are complex- valued. The 3-bracket has the properties 

[T\T^-r] = -[t\T";T'] 

[T"j^-M'] = r[^^^^r]. (4.8) 

The 3-bracket obeys the so-called fundamental identity. The fundamental identity is best un- 
derstood as a property of the derivation 

5=[-,r^na)^, (4.9) 

Here CO'^^ is an anti-hermitian matrix: 

^*"b = (4.10) 

The derivation property is 

5[r,r^;r] = [5r,r^;r^]-F[r,5r^;r] + [r,r^;5r]. (4.ii) 



Using (14.91 ). this amounts to the fundamental identity: 

[[r,r^;r],r^r] 

= [[r , r ] , r^, r ] + [r , [r'^, t"] ; r ] - [^^ r^; [r, r"; r^]] . (4. i2) 

In terms of the structure constants, the identity reads 

f'cfff\s = f'aff^'cs + f'aff^cs-r^fffs- (4-13) 
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inner product: 

We also introduce inner product (-, ■) such that 



b 

b 



T",rj = {TyJ,) (4.14) 
By expanding a field X in the 3-algebra basis X = XaT", the last property can also be phrased 



as 

(XJ) = {Y\X*) for X=XaT'', 7 = 7^7" . (4.15) 

This may be taken as defining equation of the hermitian conjugate. Moreover, the inner product 
has the invariance property 

(^5r^r^^ + ^r,5r^^ = o (4.16) 

Using (|49l ). we get 

r'cd = f\b. (4.17) 

One can also check that this condition can be written as 

(X,[y,Z;t/]) = ([X,[/;Z],y) . (4.18) 

We note that (14.121 ). (14.181 ) generalize the corresponding equations for totally antisymmetric 
3-brackets introduced originally for the BLG theory. To get the corresponding fundamental 
identity and inner product invariance condition for totally antisymmetric 3-bracket, we just 
need to replace [■,■;■] by totally antisymmetric 3-bracket [■,■,■]• 

4.2 matrix realization of hermitian 3-algebra 

matrix realization: 

A matrix realization of the 3-algebra ^3(-) is provided by 

[X,y;Z] := XZ^Y-YZ^X 
{XJ) := tr(Xy''). (4.19) 

The matrix-valued fields X, 7,2 are expanded as X = XaT" etc., where T" is a basis of {M x A^) 
matrices and Ta are their hermitian conjugates. The 3-bracket is then a map from MxN matrices 
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to itself - the first requirement of an algebra. Moreover, the bracket satisfies the fundamental 
identity (|4.12l) . Hence, it is a realization of the 3-algebra ^3{-), called the Lie 3-algebra ^3(0). 

An explicit solution to the fundamental identity can also be realized in terms of the genera- 
tors of the associated semi-simple Lie algebra g as |[8l 

fed = {n"d{ta)\- (4.20) 

where {t"'Yb are the generators in the bi-fundamental representation. The index a is lowered 
by the inverse of Killing form K^P of the Lie algebra g. This realization does not in general 
satisfy antisymmetry with respect to a, box c,d indices. Imposing this property restricts possible 
choices of the Lie algebras g and hence the Lie group (S. With the Lie group (25 = Gl®Gr, 
a, b, c, d ranges over 1 , ■ ■ ■ , rank (Gl) rank (G^?) and a ranges over 1 , ■ ■ ■ , dim(GL) + dim(Gi;) . 

similarity transformations: 

We can consider two types of similarity transformations of the Lie algebra generators associated 
with the 3-algebra. The first type is 

= U\{t^rb (4.21) 

where U"-i,U^^c = S^. The second type is 

(?«)% ^ UUn'dU'''' (4.22) 

where If^Ubc = 5". Both types of transformations leave the Killing form k"^ invariant, and 
hence the 3-algebra structure constants are invariant. Explicitly, 

f'cd = ffghU\U\fU^ScU^\ (4.23) 

and 

f\d = ffghUS"U''UMf, (4.24) 

respectively. Notice that the first type of transformations form a closed group, while the second 
is not. However, the total sum of the two types again forms a closed transformation group, 
which we denote as G. 

The first type of similarity transformation means that the 3-algebra is invariant under the 
unitary transformation 

T" -> r*[/% (4.25) 
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The infinitesimal version of this invariance condition leads to the fundamental identity. Namely 
if we write 

U\ = hl + Q.\ (4.26) 

we find that 

^f'da = (4.27) 

where we define 

^f'^^da = ^^ef'^^da+^'^ef^^da — ^'^df^^ea — ^^af^''de- (4.28) 

To make the connection with the fundamental identity, we just write out Of'a = ^'^cf^'^da- 

The second type of similarity transformation is the transformation we shall use repeatedly 
in later sections. 

4.3 ABJM theory in hermitian 3-algebra 

We now describe the ABJM theory in 3-algebra formulation and arrive at (|2.6h . 
lagrangian: 

In 3-algebra formulation, the covariant derivative is given by 

iD^Za : = id^Za + Z^A^^a \ D^\\fa : = d^\\fa + VfoA^ a , (4.29) 

where 

A/„=A/,/^rf,. (4.30) 

Our gauge fields are anti-Hermitian: 

A;\ = -A,\ equivalently a;\ = -A,\. (4.31) 

To translate the action to the more familiar Lie algebra formulation, we use some properties 
of the 3-algebra of the previous subsection. We just use the matrix realization (14.191) . We also 
define gauge fields of the two Lie groups G^, Gr associated with the 3-algebra by 

Af, = A^J'Td 

Al = A/,Tdr. (4.32) 
17 



With these steps, we find the foUowings. First, the Chern-Simons temi in the 3-algebra formu- 
lation turns into two Chern-Simons terms in Lie algebra formulation: 

A£^^^Tr(AjavA^ + |aJa^A^) - |^e^^^Tr(AjavA^ + ^aJaX) ■ (4-33) 

Second, the gauge covariant derivatives acting on matter fields are given by 

iD^Z^ = id^Z^-Aj;Z^+Z^A^ (4.34) 

and similarly for fermions. Third, the Yukawa-like terms are given by 

W^^AbZ^Zi = Tr(xi^lKAZBZ«)-Tr(\j?^Z^ZfiV|/A) (4.35) 

etc. The same works for the scalar potential terms. This shows that the ABJM action (|2.6I) in 3- 
algebra formulation is identical to the ABJM action in Lie algebra formulation, as demonstrated 
first in IM- 

on-shell 9l =6 supersymmetry: 

For later use, we here enlist 9{, = 6 supersymmetry transformations of the ABJM theory in the 
3-algebra formulation. They are 

5Va« = f^ABD^zl - (e^fiZf -f E^cZf Z^) da 

5a/„ = (/£AfiY^Z^v''^-/^^Y^VAcZ^)/'rfa. (4.36) 
The closure relations read 

[h^MZ^a = -2/£Vri''Z),Z^+A^Z^ 
[6n,5e]\|/A„ = -2^e^Y'^''D^\\fAa + A^a^\fAb 

[K^z]aJ\ = -2it'fr\'^F^,\-D^A\ (4.37) 
with the gauge parameter 

K\ = 2/£^(E^^)A^^Z^Z^/-rf„. (4.38) 
The equations of motion needed to close the supersymmetry on-shell are Eao = with 

EAa = Y'D^^\fAa+{yAbZ^Z^-2^\fBbZ^zi + eABCDZ!z^^\f'''')f'\la (4.39) 
for the fermions and 

F,v'a = -e,,x(z^D^zi-D^Z^zi-iW^'y^x^fAc)f'da (4.40) 
for the gauge field. 
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5 Monopole Operator and Gauge Covariance 



In this section, we shall introduce monopole operator which will play a central role in the 
foregoing discussions. Consider for definiteness the gauge group Gl = SU(M), Gr = S\J(N). 
We start with infinitesimal gauge transformations 

5Z^ = Z,A^ (5.1) 
on gauge field and matter fields, respectively, where 

A'a = A'df'da. (5.2) 

and A*^'^ is any antihermitian matrix. 

The scalar fields in the Lie algebra and the 3-algebra basis are related by 

Z^ = Z,(na (5.3) 

and similarly for the fermion fields. Here z, a are indices of M,N, respectively. Complex 
conjugate field is 

{Zj^ = Zf' = Z%Ta)f. (5.4) 

Gauge transformation with gauge group element (g^.g^) acts on the bi-fundamental matter field 
as 

4 - (5.5) 
5.1 nonabelian monopole operators 

We now introduce monopole operators The monopole operator that transforms in the fun- 
damental representations of G^— U(A/) and Gr =U{N) are denoted as and W^, respectively. 

{W'')a ^{W%{g^')K. (5.6) 

Utilizing them, it is possible to obtain composite fields transforming differently. For example, 
one can form a gauge singlet composite of the bi-fundamental field Z and monopole operators: 

(W^),<(W^^V = Z«(W^^)Kr)L(W^''V. (5.7) 
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Obviously, such an operation does not bring the matter field outside the 3-algebra R3, so the 
composite must again be some linear combination of 3-algebra generators. As such, we define 
the monopole operator of defining representation in 3-algebra formulation as 

W" = (5.8) 

Therefore, 

Z = W"Za (5.9) 

will be the above gauge singlet composite. Associated with W, there is also the monopole 
operator Wa — W*" transforming in the complex conjugate representation. 

We can also form composites of other representations than the bi-fundamental, but again the 
resulting composite operator must be some linear combination of 3-algebra generators. In fact, 
in order to extend 9{_ =6 supersymmetry to iA^^ = 8 supersymmetry, we may need the monopole 
operators of higher representations [fT8l . The most general monopole operator in the Lie algebra 
and in the 3-algebra basis are related each other as 

^a,...a, ^ w,.^;;;.f*(ri)o[i---(7^''')ar (5.10) 

It turns out sufficient to consider symmetric rank-2 representations, W^^ and Wab- We note 
that these monopole operators can act to lower and raise gauge indices in a covariant way. For 
example, by attaching these monopole operators, we have 

Z^a^Wab^A^ Z^^=WabZi. (5.11) 

Beware these operations are different from complex conjugation Z^* = Z^ etc. In particular, the 
SU(4) representation is not affected by attaching the monopole operators. 

Under gauge transformations, the rank-2 monopole operators transform as 

h'Nab = Aa'Wcb+Ab'Wac (5.12) 

Moreover, they have the properties 

Wab = Wba 

W"'' = W^"" (5.13) 

In the Lie algebra formulation, the relevant monopole operator is the one in bi-fundamental 
representations 
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K = {W^^)\W'^)a- (5.14) 
They are related to the rank-2 monopole operators W"*, Wab by 

WabT^ = W^TaWl (5.15) 



5.2 general covariance 

So far, we focused primarily on the representation contents of the monopole operators. In 
general, the monopole operators of a given representation are nonlocal. For the symmetric 
rank-2 representations, by the Dirac quantization condition, the monopole operator turns out a 
local operator only if the Chem-Simons level takes values ^ = 1 or 2. This locality condition 
leads to an important condition to the gauge field strength, which plays an essential role in 
foregoing considerations concerning supersymmetry enhancement. Much like the abelian case, 
invisibility of Dirac string implies that the monopole operator is covariantly constant: 

D^W,b = d^W,b+Af,,Wdb+A/bWcd = 0. (5.16) 

From this it follows that 

W'"[D,,D^]W,b = (5.17) 
and this amounts to the following flatness condition for the field strength 

W + V* = 0. (5.18) 

Here, we defined 

F,^\ = W'WbdFf,^/ . (5.19) 

A few remarks are in order. First, for level k = I, we should in principle also be able to 
bring all matter fields into gauge singlets using Wa and W" monopole operators. However, this 
does not give us any nice identity for the field strength. Instead, what we get is F^iy^J'Wb = 0. 
However, we can not conclude from this any identity for F^^, itself. It would be interesting to 
analyze how to use W and Wa to see supersymmetry and R-symmetry enhancement for level 
k=\.\n our approach, we shall be using Wab and for both k=\ and k = 2. 

Second, expanding F^v = ^^/v.a^" in the Lie algebra generators, one might be tempted to 
conclude from (15.181) that the Lie algebra generators are invariant under the similarity transfor- 
mation induced by the monopole operator 

{t^)\ = -WacitydW"". (5.20) 
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This is not right because the gauge field strength cannot be varied independently of the monopole 
operator. Therefore (15.181) does not imply (15.201) . In fact, (15.201) is not even gauge co variant 
since the generators do not transform under the gauge transformations whereas the monopole 
operators do transform in general. On the other hand, if we assume (15.201) . we find the BLG the- 
ory as the only solution for which Wab = ^ab, the Kroenecker delta of the S0(4)=SUl (2) x S\Jr (2) 
gauge group (which is invariant, 65„i = A'-'a^cb +A.''bdac = A^a + A^fo = 0) and (t^^b = {t^)ab = 
— {t^)ba are the antisymmetric generators of S0(4) gauge group. This is one of many indica- 
tions that supersymmetry enhancement for the AB JM theory is highly nontrivial than one might 
naively extrapolate from the BLG theory. 

6 Closure among AB JM and non-AB JM fields 
6.1 closure relation and gauge condition 

As far as —6 and SU (4) symmetry variations (let us denote variations as 5) are concerned, 
since ABJM fields and non-ABJM fields do not mix, we do not need to consider the quantities 

a^'^a = W'd^Wca: (6.1) 

which encodes variation of the monopole operator. On the other hand, when we explore possible 
=S and S0(8) symmetry enhancement, we must consider these quantities since the ABJM 
and non-ABJM fields mix each other. A priori, this indicates that we need to find explicit 
expression of Q.'^a- This, however, turned out extremely difficult. Fortuitously, we never need 
the explicit expression, as we now explain below. 

It is easy to see why is needed when we mix the ABJM and non-ABJM fields. Let us 
assume that 

5Z^ = 5Z^ (6.2) 

where 5 denotes any variation that does not involve Q. a explicitly. We then get 

5Z^" = 5Z^"-f2^Z^^ (6.3) 

On the other hand, there is no good reason why ABJM fields should be treated any differently 
from non-ABJM fields. What we call ABJM and non-ABJM fields is really a matter of conven- 
tion. Therefore, there is no reason we should not have Q.^a dependent terms in the variations of 
the ABJM fields. Let us therefore treat ABJM and non-ABJM fields on equal footing and take 
the general ansatz for the variations of the fields as 
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5Z^« = 5Z'^« + (y-1)^2V'^*. (6.4) 
Here y could a priori be any real number. We then have 

dioX) = 5(Z)^Z^)+Y^2^Z)^Z^ (6.5) 
From the left-hand side, we get 

5aJ« = 5A/« + YD^n^. (6.6) 

Any symmetry variations should close among themselves. This requirement has an interest- 
ing consequence when it is applied to variations that mixes ABJM and non-ABJM fields. We 
get no restriction on y as long as we consider variations that do not mix ABJM and non-ABJM 
fields. Let us therefore consider SO(8) variations that mix these fields. We can also consider 
fA/; = 8 variations but the steps are essentially the same. The variations take the form 

5Z^ = (ii'^ZBa+yZt^'a 

5Z^« = o/^Z| + (Y-l)t2V** 

dZAa = -COAsZf + (l-Y)ZAfcn^. (6.7) 

More general variation may be considered such as Sz^ = a/^Ba^Z^ + ^^a'^Bb + ••• but the 
conclusion will anyway be the same. Since Z^ and Z^a transform the same under the gauge 
group and the second terms on the right hand side of the variations rotates gauge indices only, 
it motivates to have y = (1 — y), viz.y =1/2. We now show explicitly that this is indeed the 
necessary condition for the closure. 

The closure among these variations reads 

[Sti,5co] = ^^-^^ 

We get 

[5^,5co]Z^ = [y\M\^a 

+{\-i)^y^\ii:/'^ZBb+y£iJ'arf^ZBb 
-(1 -y)ncoW^Zsft-yaTi^o/^Z5^ 
+(y2-y)Z^[n^,nco]^ + yZ^r2[^,a,]'a (6.9) 

Here, we have used the variation 

8^nA = -Orfd^Ja + y^^'^KWca- (6.10) 

We also made the assumption that the variations close on the monopole operator 

[K^zWab = ^M^ab- (6.11) 
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We now see that we can have the closure relation provided we set 

Y = ^, (6.12) 

since in this case the mixed transformation terms cancel each other. The remaining terms read 

[5n,5co]Z^ = [ri,a)]Vf 

Qf2[^,co]^ -^i^^Afa^ . (6.13) 

Here, form a closed algebra 

[^2n,^2co]=^^[Ti,co] (6.14) 

due to the fact that Qs are homomorphism of S0(8) to G. Comparing with (|6.7I) . we see that 
the closure relation is up to a gauge transformation: 

[Sti, S(o]Z^ = S[r|,co]Z^ + 5gaugeZa (6. 15) 

where the gauge parameter is given by — ^flf-q f^]- 

The result we found on y is very interesting. It means that we find a gauge variation with 
gauge parameter 

A'a = ^^'a (6.16) 

induced from the S0(8) variations. This gauge variation can be off-set by making another 
gauge variation. This is the lucky circumstance that makes it possible to study variations that 
mix ABJM and non-ABJM fields without having to solve the tremendously difficult problem of 
finding an explicit expression for Q.^a or of the variation of the monopole operator itself. 

Having seen that jQis just a gauge parameter, we can just drop all fl-dependent terms from 
our variations from the outset. 



6.2 combining gauge covariance with 0\C =6 supersymmetry 

We can use 9l —6 supersymmetry to vary the identity (15.181) and get new identities. We can vary 
F^v either by varying its on-shell expression (14.401) . or we can compute the variation induced by 
variation of the gauge field as 

5eF^v - D^deAy, - Dy,deA^. (6.17) 
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Both computations give the same result when the fields are put on-shell. The latter approach is 
the quicker, and it gives the result 

hF,y\ = -i^%D,{MfAcZi)f^'da + {^.'^.0). (6.18) 

where (a.h.c) means that we should make the result antihermitian by adding the anti-hermitian 
conjugate term. Instead of computing the supersymmetry variation ofA^J' = A^^ cW^'-'Wda, we 
use the former approach and compute the variation of the on-shell field strength F^ya^ 

F.ya' = ~£,y^{z^''D^ZAc-D^Z^dZAc-mjy^Yi)f'da. (6.19) 

Then we can make a supersymmetry variation of the on-shell field strength. The result we get 
then is 

SeF^va* = -i£^\D^{\\fAcZi)f'''da + {a.h.c.). (6.20) 

Now the ^aC =6 supersymmetry variation of the identity (|5.18l) reads 

£^%D^]{\\fAcZi + \/AZBc)f' da + (a.h.c.) = 0. (6.21) 
e^^ and its conjugate are arbitrary, so we find the equations 

y[vD,]i^[AcZi]+¥[AZB]c)f'''da = 0. (6.22) 

From this equation it follows that 

To understand this we note that an equation yvD^\\f — Y^DyV]/ = implies y£)^V|/ = upon con- 
tracting by y^. Second if we contract by y" we find — DvV|/ — Y^(y£>^,V|/) = 0. Hence DvV|/ = 0. 
The covariant derivative only acts on gauge indices, not on spinor indices. Since there is no 
independent covariantly constant spinor, we find six identities 

{^\flAc4]+'\^AZB]c)f'"'da = (6.23) 

one for each choice of the antisymmetric indices [AB] . The right-hand side is zero since there is 
no non-trivial spinor of the same quantum number as the left-hand side. 

It turns out (16.231) is the supersymmetry variation of the identity: 

{Z^zi + Z^'^ZAc)f'da = 0. (6.24) 
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Again we could have added a supersymmetric invariant to the right hand side, but there is no 
such an invariant which is also gauge covariant and has the same dimension. To show this 
identity, take 9i =6 supersymmetry transformation of (|6.24l) : 

+mAB (z^v^'^+z^V) 

4 {z^Zi ^Z^^Z,^) - . (6.25) 

To get (16.231) from this, we need to show that the third line vanishes. We note that ^2 is a Lie 
algebra element, and hence we can pull out one 3-algebra structure constant from it as 

^\ = (O'^j'^'da (6.26) 

or we may directly use the fundamental identity (14.271) hf^^ da = 0- Either way, we can rewrite 
the third line as 

i {z^Zi + Z^'ZAe) {n\.rda - ^"af'^dc) (6.27) 

and this vanishes by the identity (16.241 ). 

This result is in concordance with the fact that f2-terms should play no important role in our 
equations. 



7 iA^ = 8 Supersymmetry 

We require any 9{, = S supersymmetry variations be such they reproduce BLG variations for 
BLG gauge groups (that means S0(4) and such, for which Wab = ^ah and f'^^'da = fbcda real 
and totally antisymmetric). We also require gauge covariance. We then find Q. terms that 
contribute a gauge variation with gauge parameter jQ.. We off-set these by a supplementary 
gauge variation. Then we end up with the following ansatz for fA^ = 8 supersymmetry variations 
(for levels k— 1,2), 

dZAa = iEAB^a-e^Aa 

5\KAfl = ftABD^^Z^ + ifzD^ZAa 

+ [zabZIz'^Zq + EBcZ^Z^z£j f^^da 

,V7 ryBryd rbC | ^o*0 ryg ryC ^Dd fbc 

—iZZ^Ab^c^BJ da + ^ABCD^b^c^ J da, 

^Aj'a = {^-^^%'^AcZi + ^^AB"^^.z^^'"^ 
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+^y,^BcZ'"' + Z%ZBc^'"'')f'da. (7.1) 

Much is surely getting fixed in these supersymmetry transformations by the requirement that 
it reproduces the BLG transformation rules in certain limits. We go through that argument in 
detail in Appendix using triality. Gauge covariance then dictates how to put the gauge 3-algebra 
indices, at least to a large extent. Still some ambiguities remain. We will see how that ambiguity 
is cured by having associated identities in section ITTl 

It is also worth of noting that the supersymmetry transformations (17.11 ) involve terms of 
baryon number AQb = 0, ±1. In M-theory, the baryon number is related to the Kaluza- Klein 
momentum around the M-theory circle. Upon dimensional reduction, there may be a priori an 
infinite tower of fields carrying multiple Kaluza-Klein momentum. The fact that only fields 
with AQb = 0, ±1 and none with AQb > 2 appear implies that higher momentum modes are 
bound-states of these elementary modes. 

7.1 closing 91 =2 supersymmetry 

The most general ansatz for the 91 = 2 supersymmetry variations such that they reduce to 
BLG variations for BLG gauge groups are given by a 3-parameter family (we denote the three 
parameters as a, b and d respectively): 

hZAa = -e\|/Afl 

5\/Aa = if^D^ZAa ' (aZAbZfzi + bZfZAcZi + ( 1 - a - ^)ZB^,Zf Z^) da 

1 ^ C*C ryBryCryDd fhC 

+ ^ABCD^b^c^ J da, 

hA,\ = (^-ey,zM-^%^zi 

+dey, (z^vl +Z^Vc) +de% (y^zi + y^'^ZAc) )f'da (7.2) 

Eventually, we will see that all three parameters are traded for the three identities. At present, 
the only identity we can make use of, is identity in (16.241) . We then find that the following 
variations 

dZAa = -eV|/Aa 

5v|/Aa = iy^D^ZAa " ieZAbicZ^zi - ( 1 - c)Z^^Zs,)/'rf« + ^£*eAficz)Zf Zf Z^^/'^d,, 

= -(£Y^(cZfi|/^-(l-c)Z«Vc)+e*Y^(cY^¥fZ^-(l-c)v|/''%..)/^rf. (7.3) 

close on some equations of motion. More precisely, they close on the one parameter set of 
equations of motion 

= fD^^lfAa 
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- ( 1 - C) {iZAb^BcZ'"' + VAfeZficZ^^) f'da 

^-\zABCD{^'^l7P,Z'"' + Z^Zf . (7.4) 

Of course, we can not really get different results since we use just one and the same supersym- 
metry variation, and the dependence on the parameter c is fake, because we have the identity 
(16.241) . So the equations of motion must not depend on the parameter c. This implies that 

(zfxi4 + v/B,Z^^)/^rf« = 0. (7.5) 

We have generated a new identity! Now that we have this identity, we can go back to our ansatz 
and make it slightly more general 

5x|/Aa = YeD^Za. - /eZa^ (cZf Z^ - ( 1 - c)Z^^'Zgc)/"d« + '-z^ZabcdZIzP.Z'^'^ f da , 
hA,\ = (^-eJ,Z^^^fi-e%^^f^zi 

+dey, (z^^\fi +Z^^x|/ac) +dE\ (x\t^zi+y^^^ZAc) )f'da (7.6) 

by allowing for two parameters d and c that need no longer be correlated due to our two iden- 
tities (|6.24l) and (17.51) . Again, we can carry out the closure computation but this time when we 
demand the closure equation does not depend on any choice of parameters (since the depen- 
dence on parameters in the variations is fake due to our identities), we find yet another identity 

(v^Zs,Z«^-Zs,ZfvC^)/'^rf« = (7.7) 

that will be very important for us below. 

It would be desirable to have no ambiguity in the 9{, =2 supersymmetry variations. So far 
we have been able to explain only two of three parameters, namely the parameters a and d. At 
the same time we have derived an identity (17.71) that seems to fit nowhere. Now let us be bold 
and just make a supersymmetry variation of an identity 

{zAbZ^Zg+Zsb'Z^'Zf^ f^^ da = (7.8) 

that would be a most desirable identity, which we have not yet derived. What we then find is 
nothing but the identity (17.71) . To see this requires a few further steps, but due to its importance, 
let us show it in detail. Supersymmetry variation gives us 

= E^„(vfzfZ^-ZfZ,,v«'^) 
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+11% (Z^,Z[^>^1^ + V|/[^*Z^]^-Z^) (7.9) 

Then identity Ze^Zf + Zf Z^ = follows from the identity Eq dg^H). Hence, we are left 
with the identity in (17.71) . Consequently, we have now derived the identity (17. 8|) . just make an 
inverse supersymmetry variation of (17.71) ! 

Now we have totally eliminated all ambiguity there was in our ansatz for the iA^^ = 2 su- 
persymmetry variations, all three parameters have been traded for corresponding identities. We 
can then go through our 'identity generating' mechanism a last time, computing [5ri,5e]\|Ua 
with three arbitrary parameters, ande demand the outcome of that computation be independent 
of any parameters. This way we generate one new identity 

yeft(zA..Z^^+ZfZ^)/'^rf, = 0. (7.10) 

Given these identities, we now find the following closure relations for the =2 supersym- 
metry variations, 

[£\d?]ZAa = -2/£^yTl^D^Z^,+A(22)^^Z^, 
[S^'S^VAa = -2/£^yTl^D^VA.+A(''^'«¥Aa 

[d^^\d?]A,\ = -2m^fyfFy,\-D,A^^^^\ (7.11) 
with gauge parameter 

a(22)^^ = Az\^^Z^^Zif'da (7.12) 

and we have closure on the ABJM equations of motion after we make use of all identities we 
have obtained so far. 

7.2 commuting 9l = 6 and 9^ =2 supersymmetries 

Making an fA/^ = 6 supersymmetry variation of identity (17.51 ) we obtain three new identitie^ 

Z'^D^Z'^I + (D^Z[-^)Z^] = (7.14) 
z\-^[Z^'\z^Zc\ + [Z^^Z'^Zc\Z^^+Z^[Z^Z^Zc\ + [Z^Z^Zc\Z^ = (7.15) 

= 0. (7.16) 



'^To understand how we can get three new identies instead of just one, we note that an equation of the form 

fmv^ + mu = (7.13) 

with Em arbitrary, implies that U = Q and V^, = separately. 
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To be able to close supersymmetry and show S0(8) invariance, we must have two more identi- 
ties. These are 

{z^b'Z-Bc'Z-c — 'Z'Cb'^\Ac'^B\) f^'^ da = ^' 

{^Ab'Z'Bc'Zf''^ -'Z^'Z'[Ac'Z'B]j f^^ da = 0. (V.17) 

By contracting the first equation by the totally independent spinor xj/'", we easily can see that 
the result vanishes by using identities (16.231) . (17.71) . As an unnecessary extra check we can also 
contract the left-hand side by Z*^" and again get zero by identity (17.81) . Now we have more than 
shown that this identity holds. The second identity is proved the same way, by contracting by 

Let us make an fA/^ = 6 supersymmetry variation of the first identity. Expanding L^'^^L^j^ 
using Fierz relations in appendix, we find the supersymmetry variation gives just one single set 
of identities, 

(v^Z[^,Z^]-ZA/,Zg,V|/C^)/^rf, = 0. (7.18) 

Using the same method as above, but applied to mixed supersymmetry variation^ we gen- 
erate the following new identities 

(z^.xi/i^^z^i'^-vf^'z^i^zi)/^. = 

(zAbZ[BcVi)]+^[DbZB]cZi)f'da = (7.19) 

Let us now compute closure among these supersymmetries, commuting an9{, =2 and an = 6 
variation. Given the above identities we get 

([6f ,5f] + [6f ,5?)])^A. = A^x^Ab-ieABn-nABe)E!, 
([5f),6f] + [5f ,6?)])a/„ = -D,A\ (7.20) 

with gauge parameter 

a(62)^^ = (£riAfiZ^Z«^' + £V^ZA.Z^)/'^rf,-(£^ri) (7.21) 

and we have closure on the ABJM fermionic equation of motion E^a = 0. 

^In practive this means we compute 5g^' (ciZaZbTP + bZ^ZAZg + (1 — a — h)ZBZPZA) and require the result be 
independent of a and h. 
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8 Manifestly SO(8) invariant ABJM scalar potential 



The ABJM sextic potential is most nicely expressed using 3-brackets. It can then be expressed 
as 

VABJM = ^(||[Z^Z«;ZC]||2-l||[Z^Z«;Z^]f^ (8.1) 

where we define 

\\Xf = (8.2) 

and SU (4) indices are contracted. We note that in this notation all SU(4) indices are up-stairs 
despite some of them are being contracted. Anytime we find an SU (4) index down-stairs in this 
notation, that will correspond to a non-ABJM field - a field with a monopole operator attached. 

For the sake of completeness, let us list a few equivalent ways of expressing the sextic 
potential. We have the following alternative expressions 

V = ^||[Z^,Z«;ZC]+a[Z^,z[^;Z^]6jl||2 

V = l(^f'%hf^f-\r^hf\fy^Z^A44&c (8-3) 

in the 3-algebra language, where we can choice a = 1 or a = ^. In the matrix realization of the 
3-algebra, we find the potential expressed as 

V = -^-[^(z'^ZaZ^ZbZ^Zc + ZaZ'^ZbZ^ZcZF 

+4 Z^ZcZ^ZaZ'^Zb - 6Z^ZcZ^ZbZ'^Za^ (8.4) 

and as it should, this vanishes when the matrices are commuting. 

To establish this let us first consider the first term in the ABJM potential and just apply the 
identity (|7.17l) . which in terms of 3-brackets reads 

[Z^,Z«;ZC] = [ZcZ^'-Zb]. (8.5) 

Again, notice that the right hand side involves two non-ABJM fields, viz. two monopole oper- 
ators. We then get 

(^[Z^,Z^;ZCUZ^,Z'';Z^]) = l^Z^ ,Z^-zP\\Zc.Z\Zb^ 

= -l^Z'^.Z^^zPWZ^Zc-.Zs^ (8.6) 
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and we can continue from here as 

-l^Z^,z''-7P\\z\Zc;Zn^ = - (^[z'' ,z\z^l[Z^ ,Zc;Zb\) 

= I^[Z^,Zc;Zb\Az'',Zc;Zb]). (8.7) 

Of course it is not true that 

[Z^,Z^;ZC] = -[Z^,Zc\Zb\ (8.8) 

For this to be true we must contract by something antisymmetric in BC. However, there is no 
way to really tell whether this is the case or not by just looking at the first term - this term 
behaves in all respects just as if the 3-bracket had been totally antisymmetric. 

For the second term we have by identities 

[Z^,Z«;Z^] = -[Z^,Z^;Zs]. (8.9) 

Hence the terms are totally antisymmetric. 

We now ask whether the ABJM potential can be written in the manifestly S0(8) invariant 
form of hermitian BLG theory 

Vblg = ^||[Z«,zP;ZY]f (8.10) 

where Z" are chosen to be real S0(8) spinors, and where we do not distinguish Z" from Za. 
Expanding them out as Z" = {Z^.Za), (where Za has a monopole operator attached. In terms 
of indices, Z^ = [Z^^Zao)), we get 

Vblg = ^(||[Z^,Z«;Zc]f + ||[Z^,Z^;ZC]||2 + 2||[Z^,Zb;ZC]||2) (8.11) 

but due to the above result obtained from identity (17.171) . we can write this as 

Vblg = ^(([Z^,Z^;Zc],[Z^Z^Zc])+3([Z^,Z^zC][Z'^,Z^;ZC])) (8.12) 

Next we use the fundamental identity (14.121) (this is really the same algebraic structure as in BLG 
theory, only that the ABJM 3-algebra is a refined version of the BLG 3-algebra, where some 
care must be taken with respect to how the generators are ordered inside the 3-product) together 
with the trace invariance condition (|4.18l) (again this is the same trace invariance condition as 
in BLG theory, the only difference is that here care must be taken with respect to the ordering 
of elements), and can derive the following trace identity, 

{[XJ-Z\,[U,V-W]) = {[X,W;VUU,Z;Y]) 
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-([y,W;y],[f/,Z;X]) 
+ ([X,y;[/],[Z,y;W]) 



(8.13) 



By applying this identity we derive the identity 

\z\z'';Zc\\z\z'';Zc'^ = l[Z^ ,Zc;Z%[z\Zc;Z^] 



~{[Z^Zc;Z%[Z^,Zc;Z^] 
^l\Z^,Z'';Z%[Zc,Z''-Zc\) (8.14) 



Now we rewrite the last term as 

[ZcZ^'-Zc] = [-Z^,Z^;Z^] (8.15) 
using identity (17.171) . and the second term as 

{Z^'.ZcZ^] = [Zb,Zc;Zb] (8.16) 
again using (|7.17l) . Using this, we can write the trace identity (18.141) in the form 
[Z\Z^;ZcUZ^,Z'';Zc]) = ([Z\Zc;Z%[Z\Zc;Z^] 



-2^[Z^,Zc;Z«],[Z^,Zc;Z^]) . (8.17) 

Substituting this expression into the hermitian BLG potential, we find that this becomes equal 
to the ABJM potential. This establishes the sought-for S0(8) invariance of the ABJM scalar 
potential. 
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A SO(8) gamma matrices 



Here are SO(8) gamma matrices in the Weyl basis 

They can be chosen to have real components and are then antisymmetric 

(r^)^ = -r^. (A.2) 



The charge conjugation matrix is then 



5ap 



12 = -R (A.3) 



and its inverse is 



, 5«P . 

Since invariant tensors with two equal indices (that is 5/y, S^p and 5^p) in S0(8) are thus identity 
matrices, we can put all S0(8) indices downstairs. We define the chirality matrix 



r = r^^-^ (A.5) 



These gamma matrices have properties 



p2 


= 1 


{r,r^} 


= 




= r 


{FY 


= -r^ 




= -r^^ 




_ 


^ijKLy 


_ yUKL 



(A.6) 



and duality 



(8-m)! 



pp/g.-./m _ ^ ^Ii...ImIm+l--hY"^l --Im-l (A 7) 

(m— 1)! 
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Defining r] = we find the the Fierz identity 
168T1 : 



For chiral spinors 



we have 

and get the Fierz identity 
et] = 
and consequently 



1 

16 



-(?!£)- (fir£)r 
-(rir^8)r^ + (rirr^£)rr^ 

- ^ (Tir^-^e)r^-^ + ^ (Tirr^-^8)rr" 

+- ((rir^^^£)r^^^ - (rirr^^^£)rr'-'^) 



re 



8 



-ri£ + ^rir/78r/7 - ^WuKL^ruKL 



(i+r). 



16(811-118) = T\rijerij 



i+r 



B SO(l,2) gamma matrices 

We let y" denote gamma matrices and c charge conjugation. These have properties 

J = -c 
iff = -cfc-' 



We have the Fierz identity 



An explicit realization is 



en = -^(Tie+(Tiye)YA<) 
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and 



c = ° I (B.4, 

Since also 

ilf^f = -cy^c-^ (B.5) 

and we understand that the choice 

c = Yo (B.6) 

amounts to gamma matrices with real components, for instance we could take them as specified 
explicitly above. 

In such a basis, Majorana spinors also have real components since the majorana condition 

\j7 = V|/^c (B.7) 

amounts to the condition 

\|/'^ = \|/^ (B.8) 

if we define \j7 = v/^Yq. 



C Reducing SO(8) to SU(4) x U(l) 

To reduce BLG theory to AB JM theory we want to reduce the symmetry as 

S0(8) ^ S0(6) X SO(2) = SU(2) x U(l) . (C.l) 
We represent the SO(8) gamma matrices 

r^ = (r^,r^,r^) (c.2) 

where 

= L®a^ (C.3) 
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and 



1 

1 
-i 



Here are hermitian SO(6) gamma matrices that we represent as 



^» = I - , I (C.5) 

where A is Weyl index of S0(6), its chirality being distinguished by the placing up and down 
respectively. Hermiticity amounts to the condition 

We also define 

We use index notation as follows. The spinor and co-spinor are decomposed as 
Accordingly, matrices (linear maps on the space of these vectors) are represented as 



E' 



M.AB 



Mr, 



ocp 



^ap 



^ap 
^ap 







Mab 


Ma' 






Mab 


Ma' 


M^B 


mAB 


Mab 


Ma' 


M^B 


M^B 


Mab 


Ma' 


^ap 


) 


^dp 





^dp = I « I (C-9) 

and these in turn sit in an SO(8) matrix 



(C.IO) 
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that maps a spinor (^a, ^a)^ into a new spinor with the same spinor index structure. 
For the reduction we also need 

= (LMiv®l,SM«)^■a^LMS«)l,-S«)^■a^) (C.ll) 

We define the hermitian S0(8) chirality matrix as 

r = /ri-^ = l®al (C.12) 

It is conventient to define supersymmetry parameter 

where is a real component spinor. This will have the property 

(8A5)* = -e^^ (C.14) 

We have that 

i:r5 = ^eAscz)r^'^^ = r^'^^ (C.15) 



and 



^AB^ — ~^^AB 

^AB^CD = -2eASCD- (C.16) 



D Some more useful relations 

The !^C =^ Fierz identity is 

mj-T\i^j = -e[/Tl7]+e(//Tl7)Y/., (D-1) 

D.l ^=6 

Fierz identities read 

yM yN _ fyMN\ E„ ^ ?MAf„ 

^AB^CD - -{^ )[A ^\E\B]CD-:^0 EaBCD 
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D.2 Vt=2 



Fierz identities read 



and then we have 



ETi-riE = (£xY''rix)Yv-2?£[8ri7] 
e*TT*-Ti*r = (£jfYV)Yv + 2/£[8ri7] 
8fi*-rir = (£7Y''ri7-£8Y''ri8+2/£(8Y''ri7))Yv (D.3) 



et] - T|e = —4iE^\'^^ 
e*Ti-TT*£ = 0. (D.4) 



D.3 o\C=8 

Fierz identities are those for = 6 and fA^ = 2 plus the mixed ones, 

EMTi-riMe = ^ (-eMTi* + 8Myri*Yu) -(E^ri) 



E BLG theory 

The matter content in BLG theory is eight scalar fields Xj and eight fermions \|/a where / trans- 
forms as a vector and a as a chiral spinor of the global internal symmetry group SO(8). We 
denote SO(8) gamma matrices as and SO(l,2) gamma matrices as Y". We define the chirality 
matrix of SO(8) as 

r = r^-^. (E.i) 

We denote by c the charge conjugation matrix in SO(l,2). The charge conjugation matrix of 
SO(8) can be chosen to be unity. The fermions are constrained by 

rv|/ = -\|/ 

\j7 = \|/^c (E.2) 

Here \j7 = \\f'^'f. If we leff = c this is the S0(8) Majorana-Weyl spinor condition \\f^ = \\f^ , 
that is all components are real. We let £a denote a supersymmetry parameter, 

re = e 
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8 = e^c (E.3) 

which will then also have real components. We let denote a non-dynamical gauge field and 
define covariant derivative as = 3^ + A^. In these conventions the fA^ = 8 supersymmetry 
transformations read 

5A^ = -jeaY/.r/ap[-,V|/p,Z/] (E.4) 
They close on-shell. In particular the fermionic equation of motion reads 

yD^X|/-ir/7[x|/,X7,Z7] = 0. (E.5) 



E.l Trial BLG theory 

We can use triality of SO(8) to rotate 8v, 8s, 8c. We want to do this in such a way that the ABJM 
SO(6) R-symmetry is embedded in SO(8) in such a way that we have the decomposition rules 

83 ^ 4 + 4' 
8c ^ 4 + 4' 

8v ^ 6 + 1 + 1 (E.6) 

To this end we make the following triality rotation of matter fields and supersymmetry parame- 
ters, 

Xi Xa 

Eoc ^ £/. (E.7) 
The BLG theory is then mapped to a trial theory where supersymmetry transformations read 

5 Voca = —T^Iaa^lD/uXaa + ^ r^(5car^:p^r/yye/ [Xa , Xp , Xj] 
5A^ = -/8/Xur^^^p[-,\|/p,Xa] (E.8) 

To understand this, one just re-labels indices and defines 

T/aa = Ta/a = rocct/- (E.9) 
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To relate to the ABJM supersymmetry transfomiations, we decompose 



¥(3ca = I I (E.IO) 



-¥a, 



a 



into Weyl spinors of SO(6) and we let 

£/ = (e^,e^e^). (E.ll) 
A Majorana-Weyl spinorX of S0(8) is subject to 

= X^. (E.12) 
We introduce a complex supersymmetry parameter 

8 = e^ + ie^ (E.13) 
We can parametrize the six supersymmetries by the supersymmetry parameters 

£aB = -j^ABCD'^^^ (E.14) 
These supersymmetry variations become 

5x|/Aa = t^ABD^,Z^a-{^ABZl7F^z{, + ^BcZl7F^zi)f'da 

5a/« = -i{^%^AcZi-ZABl,Z^^''')f'da (E.15) 
We also have two more supersymmetries in trial BLG theory, parametrized by 8 and 8*. These 



are 



5Z^ = eV" 

5Z^ = -8\|/Aa 

= -,y8*DX + /8*ZSZ^/%,Zi-^88^^^^Z|Z^Zz,rf/%, 

5X|/Aa = Y£D^Z^-/£ZfZ^/^-^,ZA, + ^8*8ABCZ)ZfzfZ^'^/^-rf« 

5A/« = -(8YXN/A+e*Y/.¥^2i)/'^rf«. (E.16) 

Now we wrote these BLG supersymmetry variations in an ABJM notation but they are gauge 
covariant, and close on-shell, only when the structure constants f^^da real and totally anti- 
symmetric, and indices are raised by 5"*. 
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